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The discovery of the string theory landscape has recently brought attention to the eternal nature 
of inflation. In contrast to the common belief that eternal inflation may be a generic feature of most 
inflationary models, in this note we argue that the suppressed amplitude of perturbations due to 
adiabatic regularization, together with a fine-tuning constraint on the equation of state of the rare 
inflating pockets with large fluctuations, render eternal inflation expensive in energy and may make 
it unlikely to occur. The energy scales of the eternally inflating pockets have to be very close to the 
transplanckian regime in order to compensate for the suppression of regularized perturbations. 



A. Criterion for Eternal Inflation 

The eternal nature of inflation relies on the ex- 
istence of quantum fluctuations 8<p q that are large 
enough in some region of space to drive the field cf> 
up its potential hill. It is believed that inflation is 
almost always generically eternal 0, In every Hub- 
ble time H~ x the volume of the initial Hubble sized 
region grows by e 3 ~ 20. Quantum fluctuations 8<f> q 
around the mean field value 4>o have a Gaussian prob- 
ability distribution. Conventional calculations in per- 
turbation theory estimate the average fluctuation at 
horizon exit (k = a(i)7J _1 ) to be 8<j) q ~ H/2ir, where 
8tfi 2 = A^(k,t) is the fluctuation spectrum. There- 
fore, the width of their Gaussian distribution is also 
of order H/2n. The criterion for eternal inflation to 
switch on is the requirement that in each e-folding 
(every Hubble time) at least one of the 20 newly cre- 
ated Hubble sized regions has its field <f> = 0q + 8<j) q 
fluctuate high up its potential hill, in order to start 
inflation. 

Using conventional estimates this condition trans- 
lates to 01 
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An immediate implication of this result is that, when 
the criterion Eq. (TTJ) for eternal inflation is met, infla- 
ton density perturbations at large scales become very 
large 8p/p >> 1. Physically, the growth of density 
perturbations for eternal inflation is a consequence 
easily understood by the fact that large fluctuations 
are the mechanism that continually drives eternal in- 
flation and density perturbations are proportional to 
the fluctuations' amplitude squared. 



B. Amplitude of Regularized Perturbations 



applied to the calculation of fluctuations. The fluctu- 
ation spectrum in this case becomes [3| 
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(m 2 H + v 2 )- 7 / 2 (8m 6 H + 3rr4(3 + 8v 2 )+ 
2m 2 H v 2 (ll + 12v 2 ) + 8(> 4 + v 6 ))). 
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where v = kH^ 1 exp(-Ht), n = J (9/4) — m 2 H , and 
ma = m/H. Here H„(v) is a Hankel function of 
the first kind, and we are treating H and m as con- 
stant to first approximation during inflation. Note 
that v = 2-kH~ 1 /X(k,t) is the ratio of the radius of 
the Hubble horizon to the wavelength of the in- 
flaton perturbation X(k,t) — 2wa(t)/k. For a given 
value of fc, as already noted in the previous section, 
it is conventional to define the time of "exit" of the 
corresponding mode from the Hubble horizon as the 
time when v = 1. At that time the wavelength of the 
inflaton fluctuation has expanded to about 6 Hubble 
horizons. 

When < m < 0.37? and v = 1, numerical evalua- 
tion of Eq. ((2|) shows that: 
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This is in sharp contrast to the conventional spectrum 
quoted in the first paragraph. 

C. Can Eternal Inflation Occur? 

In this work we explore the implications of the reg- 
ularized fluctuations spectrum to the rise of eternal 
inflation. We can safely approximate Eq. ([2]) around 
V = 1 by 8<p q ~ 0.1m where m 2 = V"(4>). Therefore 
the width of the Gausssian probability distribution is 
of order 0.1m instead of the standard H/2w. The cri- 
terion 8<f> q > 0.61(6, for eternal inflation to occur, now 
becomes 



It was recently discovered [3j that the conven- 
tional calculation of density perturbations differs sig- 
nificantly when adiabatic regularization methods are 
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On the other hand, the flatness condition on the 
inflaton potential [B[ requires that 
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which imposes a fine-tuning of the potential. Here 
AV, A(j> correspond to the change in the potential and 
the field from the onset to the end of inflation. Eq. 
§5$) constrains the curvature of the potential, V" = m 2 
to be about 4-orders of magnitude below the Hubble 
scale H . As can be seen from Eq ([2]) the criterion 
for eternal inflation in Eq. which is based on the 
regularized amplitude of fluctuations, can not be as 
easily satisfied. In contrast to the standard estimate 
of Eqn[TJ now fluctuations are suppresed by a factor 
m 2 H . This requires the Hubble scale to be orders of 
magnitude (given by {m/ H)~ 2 ) larger than previously 
thought in order to compensate for the suppression 
factor in the amplitude of perturbations. It turns out 
that when adiabatic regularization for fluctuations is 
taken into account, then giving rise to eternal inflation 
is very costly in energy, since its criterion is met only 
for V > O.lMp. This condition on V is 4 orders of 
magnitude larger than the conventional estimate for 
eternal inflation to occur. 

One can argue that although the amplitude of per- 
turbations is suppressed as given by Eq. (|5J), there may 
always be some rare very large fluctuation that takes 
us to sufficiently high energies H 2 — (8ttG/3)V > 
0.7 M 2 which satisfy the condition of Eq. (|4|), thus giv- 
ing rise to inflation in that region. Even when these 
rare fluctuations that take the field to energy scales in, 
or very near, the transplanckian regime arise, inflation 
may not be easy to achieve because of constraints on 
the equation of state of the total energy density w. In 
order to get a sense of the possible constraints from 
Eq. ([5]), let us roughly approximate the change in the 
potential by 

= V - V m (1/2)V"A0 2 « (l/2)m 2 A0 2 (6) 

Then we can write the change in the potential as 
~ 2aV ^ 10~ 7 ' where the change on the in- 
flaton field A<fi is typically of order the Planck scale 
M p . Putting the two conditions on V{<f>) together, 
Eqs. Q-©, we obtain 

37(3M 2 )(1 + w) < V" < 2A0 2 1O~ 7 « 10~ 7 M 2 (7) 
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where w = p/p is the equation of state of the total 
energy density content within one Hubble sized vol- 
ume. In obtaining Eq. (|5J| we used the covariant en- 
ergy conservation equation ^£ = (p + p) = p(l + w) 
and \<j>\ 2 = (p+p), m 2 = V" . Eq. © imposes a severe 



constraint on the pressure and energy density of the 
inflating pocket, namely, w has to be the equation of 
state of a cosmological constant to within one part in 
10 s . With the fluctuations in <fi now being of order 
M p , it is not clear if the terms in the inflaton energy 
density and pressure that involve derivatives of the 
inflaton field can plausibly be small enough to satisfy 
the severe constraint on w. 

Thus, not only does eternal inflation become very 
"expensive" due to the suppressed strength of fluctu- 
ations which requires a much higher energy scale H 2 
to compensate for it; but, even if a very large fluctua- 
tion that satisfies Eq. Q arises, it is not clear that it 
will be able to satisfy the constraint on the equation 
of state w. This may make eternal inflation less likely 
to occur generically. 



Eternal Inflation with a quartic potential 

As a concrete example, consider the case V((f>) — 
1/4A0 4 . The condition for a pocket to undergo eter- 
nal inflation is Eq. g|: m 2 H 2 /(cb) 2 > 37, with 
m 2 = 3A0 2 . Using the field equation in the slow- 
roll approximation, <p w — A</> 3 /(3_ff), and Friedman 
equation, H 2 = 8nGp/3 = 2ttA0 4 /(3A/ 2 ), one finds 
that the condition for eternal inflation is 
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and 



12tt 2 X(/) 4 /M^ > 37. 



V{4>) > 0.078M 4 



4> > 0.75M P (X)- 1/4 . 
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With the constraint that A < 10~ 12 , this gives <j> > 
750Mp, which is an order of magnitude larger than 
in the conventional treatment. Similarly, the re- 
quirement on V for eternal inflation is 4 orders-of- 
magnitude larger than in the conventional treatment. 
This example illustrates our main point, that it is very 
"expensive" to make inflation eternal and difficult to 
have it below Planck scales. The fact the fluctuations 
are suppressed makes the width of their Gaussian dis- 
tribution very narrow, thereby bringing the energy 
scales at which eternal inflation can occur very close 
to transplanckian energies. 



D. Conclusions 

We have shown here that the mechanism of using 
fluctuations to drive the inflaton sufficiently up its po- 
tential hill in order for inflation to recur in each efold- 
ing, in combination with the fact that the magnitude 
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of fluctuations is very suppressed [3J, makes eternal 
inflation unlikely for subplanckian energy scales. We 
can understand the reason why in the example above 
V > O.IMp by the fact that the suppressed fluctua- 
tions have a very narrowly peaked Gaussian distribu- 
tion with width of 0.1m, so the standard deviation for 
6<f> is very small, making it very hard to exceed the 
value 0.610. Compensating for the suppressed den- 
sity perturbations — , requires the potential energy V 



of the inflating pockets to be nearly transplanckian, 
making eternal inflation "expensive." We have also 
argued that the larger density perturbations that are 
required to drive eternal inflation may make it diffi- 
cult to satisfy the constraint of Eq. (jHJ) on the equation 
of state w in the pockets undergoing eternal inflation. 
Our conclusion is that the two constraints discussed in 
this paper, makes eternal inflation more expensive in 
energy and may make it unlikely to occur generically. 
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